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a b s t r a c t
The tenacity of a graph G, T (G), is defined by T (G) = min

|S|+τ(G−S)
ω(G−S)

, where theminimum
is taken over all vertex cutsets S of V (G), ω(G − S) is the number of components of G − S
and τ(G − S) is the number of vertices in the largest component of the graph induced by
G− S.
In this paper we choose the spectrum of a graph, Gmn , which is n-vertex-connected with
minimum number of edges and we calculate the tenacity of Gmn .
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
We consider only finite undirected graphs without loops and multiple edges. Let G be a graph. We denote by V (G), E(G)
and |V (G)| the set of vertices, the set of edges and the order of a graph G, respectively. For any fixed integers n,m with
m > n+ 1 we choose classes of graphs Gmn that are n-vertex-connected with minimum number of edges. Thus these graphs
are examples of graphs with maximum connectivity. A set of vertices in G is independent if no two of them are adjacent.
The largest number of vertices in any such set is called the vertex independence number of G and is denoted by α(G) or α.
The vertex connectivity, κ = κ(G), of a finite, undirected, simple graph G (without loops or multiple edges) is the minimum
number of vertices whose removal results in a disconnected graph or results in the trivial graph K1. A graph G is called
m-vertex-connected if κ ≥ m.
The concept of tenacity of a graph G was introduced in [5,6], as a useful measure of the ‘‘vulnerability’’ of G. In [6]
Cozzens et al. calculated tenacity of the first and second case of the Harary graphs but they did not show the complete
proof of the third case. In this paper we show a new and complete proof for case three of the Harary graphs. In [11], we
compared integrity, connectivity, binding number, toughness, and tenacity for several classes of graphs. The results suggest
that tenacity is a most suitable measure of stability or vulnerability in that for many graphs it is best able to distinguish
between graphs that intuitively should have different levels of vulnerability. In [1,3,4,7–18,23,21,22,19,20,24], they studied
more about this new invariant. The tenacity of a graph G, T (G), is defined by T (G) = min{ |S|+τ(G−S)
ω(G−S) }, where theminimum is
taken over all vertex cutsets S ofG.We define τ(G−S) to be the number of vertices in the largest component of the graphG–S,
andω(G−S) to be the number of components ofG–S. A connected graphG is called T -tenacious if |S|+τ(G−S) ≥ Tω(G−S)
holds for any subset S of vertices of G with ω(G − S) > 1. If G is not complete, then there is a largest T such that G is T -
tenacious; this T is the tenacity ofG. On the other hand, a complete graph contains no vertex cutset and so it is T -tenacious for
every T . Accordingly, we define T (Kp) = ∞ for every p (p ≥ 1). A set S ⊆ V (G) is said to be a T -set of G if T (G) = |S|+τ(G−S)ω(G−S) .
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Fig. 1. Graph with maximum connectivity.
Any undefined terms can be found in the standard references on graph theory, including Bundy and Murty [2].
The tenacity of Gmn .
We may assume Gmn is labeled by 0, 1, 2, . . . ,m − 1. Let n be even, n = 2r and two vertices i, j are adjacent, if
i − r ≤ j ≤ i + r (where addition is taken modulo m). Now let n and m be odd, (n > 1). Let n = 2r + 1 (r > 0).
Then Gm2r+1 is constructed by first drawing G
m
2r , and adding edges joining vertex i to vertex i + m+12 for 0 ≤ i ≤ m−12 . Note
that vertex 0 is adjacent to both vertices m−12 and
m+1
2 . Again note that all vertices of G
m
n have degree n except vertex 0,
which has degree n+ 1. G95 is shown in Fig. 1.
In this paper we solved all subcases related to tenacity of the third case of the Harary graphs. We can summarize what
we have proved about the Harary graphs as follows:
If n = 2r , Theorem 2 allows us to determine precisely the tenacity of the Harary graphs. If n = 2r + 1, with k > 2 and
k be odd, we have precise values for the tenacity of the Harary graphs. If n = 2r + 1 and k > 2 be even, by Corollary 5 we
have precise values for the tenacity of the Harary graphs, otherwise we have good lower and upper bounds. Note that the
best bounds we have on the tenacity of the Harary graphs with n = 2r + 1 and k = 2, k even are given by Theorem 2 and
Theorem 2′.
The following three propositions were proved in [5].
Proposition 1. If G is a spanning subgraph of H, then T (G) ≤ T (H).
Proposition 2. For any graph G, T (G) ≥ κ(G)+1
α(G) .
Proposition 3. If G is not complete, then T (G) ≤ m−α(G)+1
α(G) .
Harary in [7] proved the following theorem.
Theorem 1. Graph Gmn is n-vertex connected.
Through the rest of this paper we will let n = 2r or n = 2r + 1 and m = k(r + 1) + s for 0 ≤ s ≤ r + 1. So we can
indicate thatm ≡ s mod(r + 1) and k = ⌊ mr+1⌋. Also we assume that the graph Gmn is not complete, n+ 1 < m.
We calculated the tenacity of Gm2r by using the following theorem.
Theorem 2. T (Gm2r) = r + 1+⌈
s
k ⌉
k .
Corollary 1. Let Cm = (v1v2 · · · vn) be the n-cycle, then
T (Cm) =

1+ 2
m
if m ≡ 0 (mod 2)
1+ 4
m− 1 if m ≡ 1 (mod 2).
The next theorem provides bounds on the tenacity of the Harary graphs for the case whenm is even and n is odd.
Theorem 2′. Let Gmn be a graph for m even, with n odd, n = 2r + 1, then
r + 1+
 s
k

k
≤ T (Gmn ) ≤

r + s+ 1
k
if m ≢ 0mod(n+ 1)
kr + s+ 2
k− 1 if m ≡ 0mod(n+ 1).
Now we start to calculate the tenacity of third case of Gmn .
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Lemma 1. Let Gmn be the graph with m and n both odd, n = 2r + 1 and r > 0. Then m ≡ 1mod(n+ 1) if and only if s = 1 and
k is even.
Proof. Let 1 < s < r+1 and k = 2q+1, for some q. Thusm = k(r+1)+s = q(n+1)+s+r+1. Since 1 < s+r+1 < n+1,
m ≢ 1mod(n+ 1).
Now suppose k = 2q and 1 < s < r + 1. Thusm = q(n+ 1)+ s. Since 1 < s < n+ 1,m ≢ 1mod(n+ 1).
If s = 0, thenm = k(r + 1). Sincem is odd we know that k is odd. Thusm = q(n+ 1)+ r + 1. Since 1 < r + 1 < (n+ 1),
thenm ≢ 1mod(n+ 1).
Finally, consider the casewhen s = 1. If k is odd, thenm = q(n+1)+r+2. Since 1 < r+2 < n+1, thenm ≢ 1mod(n+1).
If k is even, thenm = q(n+ 1)+ 1. Thusm ≡ 1mod(n+ 1). 
Lemma 2. Let Gmn be the graph with m and n both odd, n = 2r + 1 and r > 0. Then
α(Gmn ) =

k if m ≢ 1mod(n+ 1)
k− 1 if m ≡ 1mod(n+ 1).
Proof. Let H = Gmn . Since at least r consecutive vertices must be between any two members of an independent set and
s < r + 1, then α(G) ≤ k. Consider the set B = {0, r + 1, 2(r + 1), . . . , (k− 1)(r + 1)}. Let 0 ≤ s < r and k = 2q+ 1 for
some q. Since vertex i is adjacent to i+ m+12 = i+ q(r + 1)+ s+r2 + 1 for any 0 ≤ i ≤ m−12 , and r2 + 1 ≤ s+r2 + 1 < r + 1,
and vertex m−12 ∉ B, then vertex t(r + 1) ∈ B, 0 ≤ t ≤ k− 1, is not adjacent to vertex x(r + 1) for any 0 ≤ x ≤ k− 1. Thus
the set B is an independent set. Therefore α(G) = k.
Assume s = r ≠ 0 and k = 2q + 1 for some q. Consider the set C = {0, r + 1, 2(r + 1), . . . , q(r + 1), (q + 1)(r +
1)+ 1, . . . , (k− 1)(r + 1)+ 1}. If s = r , then s+r2 + 1 = r + 1. Since vertex i is adjacent to i+ m+12 = i+ (q+ 1)(r + 1)
for any 0 ≤ i ≤ m−12 , and vertex m−12 ∉ C , then vertex t(r + 1) ∈ C , 0 ≤ t ≤ q, is not adjacent to x(r + 1) + 1 for any
q+ 1 ≤ x ≤ k− 1. Thus C is an independent set and hence the independence number is at least k. Therefore α(G) = k.
Suppose 1 < s < r + 1 and k = 2q for some q. Consider the set B. Since vertex i is adjacent to vertex i + m+12 =
i+ q(r + 1)+ s+12 for any 0 ≤ i ≤ m−12 and 1 < s+12 < r + 1, and vertex m−12 ∉ B, then vertex t(r + 1) ∈ B, 0 ≤ t ≤ k− 1,
is not adjacent to x(r + 1) for any 0 ≤ x ≤ k− 1. Thus in this case B is again an independent set. Therefore α(G) = k.
Now let s = 1 and k = 2q for some q. Assume α(G) = k. Since s = 1,m = 2q(r + 1)+ 1. Hence there are r consecutive
vertices between two members of an independent set and so sets of the format B or C are the only possible independent
sets. But we also need to consider edges of the form {i, i + m+12 }. Hence vertex t(r + 1), 1 ≤ t ≤ q, is adjacent to vertex
x(r + 1)+ 1 for any q+ 1 ≤ x ≤ k− 2, and vertex 0 is adjacent to vertices m−12 = q(r + 1) and m+12 = q(r + 1)+ 1. First
consider the set B. In B vertex 0 is adjacent to q(r + 1) and this is a contradiction to the definition of independent set. Now,
consider the set C . In C vertex t(r + 1), 1 ≤ t ≤ q, is adjacent to vertex x(r + 1)+ 1, q+ 1 ≤ x ≤ k− 2, and again this is a
contradiction to the definition of independent set. Hence α(G) ≠ k and thus α(G) < k.
Finally consider the setD = {0, r+1, 2(r+1), . . . , (q−1)(r+1), q(r+1)+2, (q+1)(r+1)+2, . . . , (k−2)(r+1)+2}.
Since vertex i is adjacent to i+ m+12 = i+ q(r + 1)+ 1 for any 0 ≤ i ≤ m−12 , and vertex m−12 ∉ D it can be seen that vertex
t(r + 1) ∈ D, 0 ≤ t ≤ q − 1, is not adjacent to vertex x(r + 1) + 2, q ≤ x ≤ k − 2. Thus D is an independent set. Hence
k− 1 ≤ α(G) < k. Therefore since α(G) and k are integers, we can conclude that α(G) = k− 1. 
Theorem 3. Let Gmn be the graph with m and n odd, n = 2r + 1, then
r + 1+
 s
k

k
≤ T (Gmn ) ≤

r + s+ 1
k
if m ≢ 1mod(n+ 1)
kr + s+ 2
k− 1 if m ≡ 1mod(n+ 1).
Proof. Let H = Gmn . By Proposition 3, T (H) ≤ m−α(H)+1α(H) . Thus by Lemma 2, if m ≢ 1 mod(n + 1), then T (H) ≤ m−k+1k =
k(r+1)+s−k+1
k = r + s+1k , and ifm ≡ 1mod(n+ 1), then T (H) ≤ m−(k−1)+1k−1 = kr+s+2k−1 .
Since V (Gm2r) = V (H) and E(Gm2r) ⊆ E(H), then Gm2r is a spanning subgraph of H . Using Proposition 1, We have
T (Gm2r) ≤ T (H). Thus by Theorem 2, we have
r + 1+ ⌈
s
k⌉
k
≤ T (Gmn ). 
Corollary 2. For Gmn if m and n are odd and m ≡ 0mod(r + 1), then T (Gmn ) = r + 1k .
Proof. By Lemma 1,m ≢ 1mod(n+1). Thus by Theorem 3, we have r+ 1k ≤ T (Gmn ) ≤ r+ 1k . Therefore T (Gmn ) = r+ 1k . 
Corollary 3. For Gmn if m and n are odd, m ≡ 1mod(r + 1) and m ≢ 1mod(n+ 1), then T (Gmn ) = r + 2k .
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Proof. By Theorem 3, we have r + 2k ≤ T (Gmn ) ≤ r + 2k . Therefore T (Gmn ) = r + 2k . 
Corollary 4. For Gmn if m and n are odd, m ≡ 1mod(r + 1) and m ≡ 1mod(n+ 1), then r + 2k ≤ T (Gmn ) ≤ kr+3k−1 .
Proof. Since s is equal to 1, by Theorem 3, we have a lower bound of r + 2k . Sincem ≡ 1mod(n+ 1), then the upper bound
is kr+3k−1 . 
Lemma 3. Let Gmn be the graph with n = 2r + 1, m and k both odd, r ≥ 2, 1 < s < r + 1, and s < k. Then there is a cutset A
with kr elements such that ω(Gmn − A) = k, and τ(Gmn − A) = 2.
Proof. Wemay assume Gmn is labeled by 0, 1, 2, . . . ,m−1. Let s < k, then s = k− l for some l. Thusm = s(r+2)+ l(r+1).
Since k is odd then k = 2q+ 1 for some q.
Case 1. If r is odd then s is odd and l is even. Therefore s = k− l ≥ 1 and l = 2t for some t . Hence k− l = 2q+ 1− 2t ≥ 1
which implies that q ≥ t .
Define the setsWi for 1 ≤ i ≤ 2q+ 1 as follows:
{ir + i} for 1 ≤ i ≤ t,
{ir − t + 2i− 1, ir − t + 2i} for t + 1 ≤ i ≤ q,
{ir − t + q+ i} for q+ 1 ≤ i ≤ q+ t,
{ir − 2t + 2i− 1, ir − 2t + 2i} for q+ t + 1 ≤ i ≤ 2q+ 1.
Let W be the union of the sets Wi, 1 ≤ i ≤ 2q + 1, and A = V (G) − W . The number of vertices in W is equal to
t + 2(q− t)+ t + 2(q− t + 1) = 2(2q+ 1)− 2t = 2k− l = k+ s, so |A| = m− k− s = kr . Now, we can see that for any
1 ≤ i ≤ 2q+1, the elements inWi differ from those inWi+1 by at least r+1. Hence, no vertex inWi is adjacent to a vertex in
Wj, 1 ≤ i < j ≤ 2q+1, by an edge in the copy of Gm2r in G. Thus we need only consider edges of the form {x, x+ m+12 }. In fact,
we need to consider only such edgeswhen x is atmost m−12 . Hence, since
m−1
2 = qr+2q−t+ r2+ 12 < (q+1)r−t+q+(q+1),
we need to consider only vertices inWi for 1 ≤ i ≤ q. So considerWi = {ir + i} for 1 ≤ i ≤ t . Then
ir + i+ m+ 1
2
= (q+ i)r − t + q+ (q+ i)+ 1+ r + 1
2
> (q+ i)r − t + q+ (q+ i) = jr − t + q+ j, for j = q+ i.
Also, since r ≥ 2,
ir + i+ m+ 1
2
< (q+ i)r − t + q+ (q+ i)+ 1+ r
= (q+ i+ 1)r − t + q+ (q+ i+ 1) = (j+ 1)r − t + q+ (j+ 1).
Therefore the set {ir + i+ m+12 } is strictly betweenWj andWj+1 for j = q+ i, and so it is contained in A.
Finally, considerWi = {ir − t + 2i− 1, ir − t + 2i} for t + 1 ≤ i ≤ q. Then
ir − t + 2i− 1+ m+ 1
2
= (q+ i)r − 2t + 2(q+ i)+ r + 1
2
> (q+ i)r − 2t + 2(q+ i)
= jr − 2t + 2j, for j = q+ i.
Also,
ir − t + 2i+ m+ 1
2
< (q+ i)r − 2t + 2(q+ i)+ 1+ r
= (q+ i+ 1)r − 2t + 2(q+ i+ 1)− 1
= (j+ 1)r − 2t + 2(j+ 1)− 1.
Hence the set {ir − t + 2i− 1+ m+12 , ir − t + 2i+ m+12 } is strictly betweenWj andWj+1 for j = q+ i and so it is contained
in A. Also note that 0+ m+12 = qr + 2q− t + 1+ r2 + 12 ∉ Wj for any j and so is in A. Therefore theWi, 1 ≤ i ≤ 2q+ 1 = k,
are the components of Gmn − A, so τ(Gmn − A) = 2, and ω(Gmn − A) = k.
Case 2. If r is even then s is even and l is odd. Hence s = 2h for some h. Define the setsWi for 1 ≤ i ≤ 2q+ 1 as follows:
{ir + 2i− 1, ir + 2i} for 1 ≤ i ≤ h,
{ir + i+ h} for h+ 1 ≤ i ≤ q,
{ir + 2i− q+ h− 1, ir + 2i− q+ h} for q+ 1 ≤ i ≤ q+ h,
{ir + i+ 2h} for q+ h+ 1 ≤ i ≤ 2q+ 1.
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Let W be the union of the sets Wi, 1 ≤ i ≤ 2q + 1, and A = V (G) − W . The number of vertices in W is equal to
2h+ (q− h)+ 2h+ q− h+ 1 = 2q+ 1+ 2h = k+ s, so |A| = m− k− s = kr . Nowwe can see that for any 1 ≤ i ≤ 2q+ 1,
the elements in Wi differ from those in Wi + 1 by at least r + 1. Hence, no vertex in Wi is adjacent to a vertex in Wj,
1 ≤ i < j ≤ 2q+1, by an edge in the copy of Gm2r in G. Thus we need only consider edges of the form {x, x+ m+12 }. In fact, we
need to consider only such edgeswhen x is at most m−12 . Hence, since
m−1
2 = qr+q+h+ r2 < (q+1)r+2(q+1)−q+h−1,
we need to consider only vertices inWi for 1 ≤ i ≤ q. So considerWi = {ir + 2i− 1, ir + 2i} for 1 ≤ i ≤ h. Then
ir + 2i− 1+ m+ 1
2
= (q+ i)r + 2(q+ i)− q+ h+ r
2
> (q+ i)r + 2(q+ i)− q+ h
= jr + 2j− q+ h, for j = q+ i.
Also, since r ≥ 2
ir + 2i+ m+ 1
2
= (q+ i)r + 2(q+ i)− q+ h+ r
2
+ 1
< (q+ i+ 1)r + 2(q+ i+ 1)− q+ h− 1
= (j+ 1)r + 2(j+ 1)− q+ h− 1.
Therefore the set {ir + 2i− 1+ m+12 , ir + 2i+ m+12 } is strictly betweenWj andWj+1 for j = q+ i, and so it is contained in A.
Finally, considerWi = {ir + i+ h} for h+ 1 ≤ i ≤ q. Then
ir + i+ h+ m+ 1
2
= (q+ i)r + (q+ i)+ 2h+ r
2
+ 1
> (q+ i)r + (q+ i)+ 2h
= jr + j+ 2h, for j = q+ i.
Again we have
ir + i+ h+ m+ 1
2
= (q+ i)r + (q+ i)+ 2h+ r
2
+ 1
< (q+ i+ 1)r + (q+ i+ 1)+ 2h
= (j+ 1)r + (j+ 1)+ 2h.
Hence, the set {ir + i + h + m+12 } is strictly between Wj and Wj+1 for j = q + i and so it is contained in A. Also
0+ m+12 = qr + q+ h+ r2 + 1 ∈ A. Therefore theWi, 1 ≤ i ≤ 2q+ 1 = k, are the components of Gmn − A, so τ(Gmn − A) = 2,
and ω(Gmn − A) = k. 
Theorem 4. Let Gmn be the graph with n = 2r + 1, m and k both odd, 1 < s < r + 1, and s < k. Then T (Gmn ) = r + 2k .
Proof. First we see that r ≥ 2, since if r = 1, 1 < s < 2. By Theorem 3, we have r + (1+⌈ sk ⌉)k ≤ T (Gmn ). Hence, if s < k, then
r+ 2k ≤ T (Gmn ). By Lemma 3, there is a cutset A of Gmn −Awith kr elements. The largest component of Gmn −A has cardinality
2 and there are k components in Gmn −A. Therefore, the tenacity hits the lower bound using A, so T (Gmn ) = kr+2k = r+ 2k . 
Lemma 4. Let Gmn be the graph with n = 2r + 1, m and k both odd, 1 < s < r + 1, and s ≥ k, where s = ak+ b, for some a and
b. For 0 < b < k,
If r is even, then
r ≥

8 for a even
4 for a odd.
And if r is odd, then
r ≥

7 for a even
5 for a odd.
For b = 0, s = ak,
if r is even, then r ≥ 6, and
if r is odd, then r ≥ 3.
Proof. Case 1. Let r be even and 0 < b < k. Hence s is even.
Subcase (i). If a is even then b is even and theminimum values for b and a are 2. Since k is odd and b < k, the minimum value
for k is 3. Therefore the minimum value for s is 2(3)+ 2 = 8. Since r is even and s < r + 1, we have r ≥ 8.
372 D. Moazzami / Discrete Applied Mathematics 159 (2011) 367–380
Subcase (ii). If a is odd then b is odd and the minimum value for b is 1. Since a and k are odd and b < k, the minimum values
for k and a are 3 and 1 respectively. Therefore the minimum value for s is 1(3) + 1 = 4. Since r is even and s < r + 1, we
have r ≥ 4.
Case 2. Let r be odd and 0 < b < k. Hence s is odd.
Subcase (i). If a is even then b is odd and the minimum value for b is 1. Since a is even and k is odd and b < k, the minimum
values for k and a are 3 and 2 respectively. Therefore the minimum value for s is 2(3)+ 1 = 7. Since r is odd and s < r + 1,
we have r ≥ 7.
Subcase (ii). If a is odd then b is even and the minimum value for b is 2. Since a and k are odd and b < k, the minimum values
for a and k are 1 and 3 respectively. Therefore the minimum value for s is 1(3) + 2 = 5. Since r is odd and s < r + 1, we
have r ≥ 5.
Case 3. Suppose r is even and b = 0. Then s is even and so a is even. Since k > 1 and k is odd, the minimum values for a and
k are 2 and 3 respectively. Therefore the minimum value for s is 2(3) = 6. Since r is even and s < r + 1, we have r ≥ 6.
Case 4. Suppose r is odd and b = 0. Then s is odd and so a is odd. Therefore the minimum values for a and k are 1 and 3
respectively. So the minimum value for s is 1(3) = 3. Since r is odd and s < r + 1, we have r ≥ 3. 
Lemma 5. Let Gmn be the graph with n = 2r + 1, m and k both odd, 1 < s < r + 1, s ≥ k, where s = ak+ b for some a and b. If
0 < b < k then a+ 1 ≤ r2 with equality possible only if r is even and a is odd. If b = 0, so that s = ak, then a+ 1 ≤ ⌈ r2⌉.
Proof. Case 1. Let r be even and 0 < b < k. Hence s is even.
Subcase (i). If a is even then b is even and the minimum value for b is 2. Since b < k and k is odd, the minimum value for k is
3. Thus 3a+ 2 ≤ ak+ b = s. Since 2a+ 2 < 3a+ 1, we have 2a+ 2 < r . Therefore a+ 1 < r2 .
Subcase (ii). If a is odd then b is odd and the minimum values for b and k are 1 and 3 respectively. Thus 3a+ 1 ≤ ak+ b = s.
Since a is odd, we have 2a+ 2 ≤ 3a+ 1 and so 2a+ 2 ≤ r . Therefore a+ 1 ≤ r2 .
Case 2. Let r be odd and 0 < b < k. Hence s is odd.
Subcase (i). If a is even then b is odd and the minimum value for b is 1, and since k is odd and b < k, the minimum value for
k is 3. Thus 3a+ 2 ≤ ak+ b = s. Since a is even, we have 2a+ 2 < 3a+ 1. Thus 2a+ 2 < r . Therefore a+ 1 < r2 .
Subcase (ii). If a is odd then b is even and the minimum value for b is 2. Since k is odd and b < k, the minimum value for k is
3. Thus 3a+ 2 ≤ ak+ b = s. Since 2a+ 2 < 3a+ 2 and s ≤ r , we have a+ 1 < r2 .
Case 3. Let r be even and b = 0. Thus a is even. Since a is even, we have 2a+ 2 ≤ 3a. Since k is odd and k > 1, the minimum
value for k is 3. Hence 3a ≤ ak = s ≤ r . Therefore a+ 1 ≤ r2 .
Case 4. Let r be odd and b = 0. Thus a is odd. Therefore we have 2a+ 1 ≤ 3a. Since k is odd and k > 1, the minimum value
for k is 3. Hence 3a ≤ ak = s ≤ r , and so a+ 1 ≤ r+12 . 
Lemma 6. Let Gmn be the graph with n = 2r + 1, m and k both odd, 1 < s < r + 1, and s = ak for some a. Then there is a cutset
A with kr elements such that τ(Gmn − A) = a+ 1, and ω(Gmn − A) = k.
Proof. Let s = ak and k = 2q+ 1 for some q. Thus
m = 2qr + 2q(a+ 1)+ r + a+ 1.
LetWi = {ir + (i− 1)a+ i, . . . , ir + ia+ i} for 1 ≤ i ≤ 2q+ 1 and letW be the union of the sets,Wi, 1 ≤ i ≤ 2q+ 1, and
A = V (G)−W . The number of vertices inW is equal to (2q+ 1)(a+ 1) = ka+ k = s+ k, so |A| = m− k− s = kr . Nowwe
can see that for any 1 ≤ i ≤ 2q+ 1, the elements inWi differ from those inWi+1 by at least r + 1. Hence, no vertex inWi is
adjacent to a vertex inWj, 1 ≤ i < j ≤ 2q+ 1, by an edge in the copy of Gm2r in G. Thus we need only consider edges of the
form {x, x+ m+12 }. In fact, we need to consider only such edges when x is at most m−12 . Hence, since by Lemma 5, a2 < r2 , so
m− 1
2
= qr + qa+ q+ r
2
+ a
2
< (q+ 1)r + qa+ q+ 1,
we need to consider only vertices inWi for 1 ≤ i ≤ q. So consider
Wi = {ir + (i− 1)a+ i, . . . , ir + ia+ i}
for 1 ≤ i ≤ q. Then
ir + (i− 1)a+ i+ m+ 1
2
= (q+ i)r + (q+ i)a+ (q+ i)+ r
2
− a
2
+ 1
> (q+ i)r + (q+ i)a+ q+ i = jr + ja+ j,
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for j = q+ i. Also,
ir + ia+ i+ m+ 1
2
< (q+ i+ 1)r + (q+ i)a+ (q+ i+ 1)
= (j+ 1)r + ja+ j+ 1.
Hence, the set {ir + (i − 1)a + i + m+12 , . . . , ir + ia + i + m+12 } is strictly between Wj and Wj+1 for j = q + i, and so it is
contained in A. Also
0+ m+ 1
2
= qr + qa+ q+ r
2
+ a
2
+ 1 ∈ A.
Therefore theWi, 1 ≤ i ≤ 2q+ 1 = k are the components of Gmn − A, so τ(Gmn − A) = a+ 1, and ω(Gmn − A) = k. 
Theorem 5. Let Gmn be the graphwith n = 2r+1, m and k both odd, 1 < s < r+1 and s = ak for some a. Then T (Gmn ) = r+ 1+ak .
Proof. By Theorem 3, we have r + 1+ak ≤ T (Gmn ). Set A of Lemma 6 achieves this lower bound, since |A| = kr , τ(Gmn − A) =
a+ 1 and ω(Gmn − A) = kr+a+1k = r + 1+ak . Therefore T (Gmn ) = r + 1+ak when s is a multiple of k and k is odd. 
Ifm is not a multiple of k, in particular, then we have the following lemma.
Lemma 7. Let Gmn be the graph with m and k both odd, n = 2r + 1, 1 < s < r + 1, and s > k, where s = ak+ b for some a and
b, 0 < b < k. Then there is a cutset A with kr elements such that ω(Gmn − A) = k and τ(Gmn − A) = a+ 2.
Proof. Let s > k, and s = ak+ b for 0 < b < k. Thus
m = kr + (k− b)(a+ 1)+ b(a+ 2).
Write m = k(r + 1)+ s. If r is even, then s is even. In this case, a is even if and only if b is even. If r is odd, then s is odd. In
this case, a is odd if and only if b is even. Thus we have the following two cases.
Case 1. Let r and a both be even, or r and a both odd. Hence b is even. Therefore b = 2h for some h. Since k is odd, k = 2q+1
for some q. Hence k− b = 2q+ 1− 2h ≥ 1 which implies that q ≥ h. Define the setsWi for 1 ≤ i ≤ 2q+ 1 as follows:
{ir + (i− 1)a+ 2i− 1, . . . , ir + ia+ 2i} for 1 ≤ i ≤ h,
{ir + (i− 1)a+ i+ h, . . . , ir + ia+ i+ h} for h+ 1 ≤ i ≤ q,
{ir + (i− 1)a+ 2i− q+ h− 1, . . . , ir + ia+ 2i− q+ h} for q+ 1 ≤ i ≤ q+ h,
{ir + (i− 1)a+ i+ 2h, . . . ir + ia+ i+ 2h} for q+ h+ 1 ≤ i ≤ 2q+ 1.
Let W be the union of sets Wi, 1 ≤ i ≤ 2q + 1, and A = V (G) − W . The number of vertices in W is equal to
h(a + 2) + (q − h)(a + 1) + h(a + 2) + (q − h + 1)(a + 1) = (2q + 1)a + 2h + k = ka + 2h + k = s + k, so
|A| = m− s− k = kr . Now, we can see that for any 1 ≤ i ≤ 2q+ 1, the elements inWi differ from those inWi+1 by at least
r + 1. Hence, no vertex inWi is adjacent to a vertex inWj, 1 ≤ i < j ≤ 2q + 1, by an edge in the copy of Gm2r in G. Thus we
need only consider edges of the form {x, x + m+12 }. In fact, we need to consider only such edges when x is at most m−12 . By
Lemma 5, a+12 <
r
2 . Hence,
m−1
2 = qr + qa + q + h + r2 + a2 < (q + 1)r + qa + 2(q + 1) − q + h − 1. Thus we need to
consider only vertices in Wi for 1 ≤ i ≤ q. So consider Wi = {ir + (i − 1)a + 2i − 1, . . . , ir + ia + 2i} for 1 ≤ i ≤ h. By
Lemma 5, r2 − a2 > a2 + 1 > 1. Hence
ir + (i− 1)a+ 2i− 1+ m+ 1
2
= (q+ i)r + (q+ i)a+ 2(q+ i)− q+ h+ r
2
− a
2
> (q+ i)r + (q+ i)a+ 2(q+ i)− q+ h
= jr + ja+ 2j− q+ h, for j = q+ i.
Also, by Lemmas 4 and 5, r2 + a2 < r . Hence
ir + ia+ 2i+ m+ 1
2
= (q+ i)r + (q+ i)a+ 2(q+ i)− q+ h+ r
2
+ a
2
+ 1
< (q+ i)r + (q+ i)a+ 2(q+ i+ 1)− q+ h− 1+ r
= (q+ i+ 1)r + (q+ i)a+ 2(q+ i+ 1)− q+ h− 1
= (j+ 1)r + (j− 1)a+ 2j− q+ h− 1.
Therefore the set {ir + (i− 1)a+ 2i− 1+ m+12 , . . . , ir + ia+ 2i+ m+12 } is strictly betweenWj andWj+1 for j = q+ i,
and so it is contained in A.
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Finally, considerWi = {ir + (i− 1)a+ i+ h, . . . , ir + ia+ i+ h} for h+ 1 ≤ i ≤ q. By Lemma 5, r2 − a2 + 1 > 0. Hence
ir + (i− 1)a+ i+ h+ m+ 1
2
= (q+ i)r + (q+ i)a+ (q+ i)+ 2h+ r
2
− a
2
+ 1
> (q+ i)r + (q+ i)a+ (q+ i)+ 2h
= jr + ja+ j+ 2h, for j = q+ i.
Also, by Lemmas 4 and 5, r2 + a2 < r . Hence
ir + ia+ i+ h+ m+ 1
2
= (q+ i)r + (q+ i)a+ (q+ i)+ 2h+ r
2
+ a
2
+ 1
< (q+ i+ 1)r + (q+ i)a+ (q+ i+ 1)+ 2h
= (j+ 1)r + ja+ (j+ 1)+ 2h.
Therefore the set {ir + (i− 1)a+ i+ h+ m+12 , . . . , ir + ia+ i+ h+ m+12 } is strictly betweenWj andWj+1 for j = q+ i
and so it is contained in A. Also note that 0+ m+12 ∈ A. Therefore theWi, 1 ≤ i ≤ 2q+ 1 = k, are the components of Gmn − A,
so τ(Gmn − A) = a+ 2, ω(Gmn − A) = k.
Case 2. If r is even and a is odd, or r is odd and a is even, then b is odd and hence k− b is even. Therefore k− b = 2t for some
t . Define the setWi for 1 ≤ i ≤ 2q+ 1 as follows:
{ir + (i− 1)a+ i, . . . , ir + ia+ i} for 1 ≤ i ≤ t,
{ir + (i− 1)a+ 2i− t − 1, . . . , ir + ia+ 2i− t} for t + 1 ≤ i ≤ q,
{ir + (i− 1)a+ i+ q− t, . . . , ir + ia+ i+ q− t} for q+ 1 ≤ i ≤ q+ t,
{ir + (i− 1)a+ 2i− 2t − 1, . . . , ir + ia+ 2i− 2t} for q+ t + 1 ≤ i ≤ 2q+ 1.
Let W be the union of the sets Wi, 1 ≤ i ≤ 2q + 1, and A = V (G) − W . The number of vertices in W is equal to
t(a + 1) + (q − t)(a + 2) + t(a + 1) + (q − t + 1)(a + 2) = (2q + 1)a + 2(2q + 1) − 2t = ka + k + b = s + k,
so |A| = m − k − s = kr . Now, we can see that for any 1 ≤ i ≤ 2q + 1, the elements in Wi differ from those in Wi+1 by
at least r . Hence, no vertex inWi is adjacent to a vertex inWj, 1 ≤ i < j ≤ 2q + 1, by an edge in the copy of Gm2r in G. Thus
we need only consider edges of the form {x, x+ m+12 }. In fact, we need to consider only such edges when x is at most m−12 .
By Lemma 5, a2 + 12 < r2 . Hence, m−12 = qr + qa + 2q − t + r2 + a2 + 12 < (q + 1)r + qa + 2q + 1 − t . Thus we need to
consider only vertices inWi for 1 ≤ i ≤ q. So considerWi = {ir + (i− 1)a+ i, . . . , ir + ia+ i} for 1 ≤ i ≤ t . By Lemma 5,
r
2 − a−32 > 0. Hence
ir + (i− 1)a+ i+ m+ 1
2
= (q+ i)r + (q+ i)a+ (q+ i)+ q− t + r
2
− a− 3
2
> (q+ i)r + (q+ i)a+ (q+ i)+ q− t
= jr + ja+ j+ q− t, for j = q+ i.
Also, by Lemmas 4 and 5, a+12 + r2 < r . Hence
ir + ia+ i+ m+ 1
2
< (q+ i+ 1)r + (q+ i)a+ (q+ i+ 1)+ q− t
= (j+ 1)r + ja+ j+ 1+ q− t.
Therefore the set {ir + (i − 1)a + i + m+12 , . . . , ir + ia + m+12 } is strictly between Wj and Wj+1 for j = q + i, and so it is
contained in A.
Finally, considerWi = {ir+ (i−1)a+2i− t−1, . . . , ir+ ia+2i− t} for t+1 ≤ i ≤ q. By Lemma 5, r2 − a−12 ≥ a+32 > 0.
Hence
ir + (i− 1)a+ 2i− t − 1+ m+ 1
2
= (q+ i)r + (q+ i)a+ 2(q+ i)− 2t + r
2
− a− 1
2
> (q+ i)r + (q+ i)a+ 2(q+ i)− 2t
= jr + ja+ 2j− 2t, for j = q+ i.
Also, by Lemmas 4 and 5, r2 + a+12 < r . Hence
ir + ia+ 2i− t + m+ 1
2
< (q+ i+ 1)r + (q+ i)a+ 2(q+ i+ 1)− 2t − 1
= (j+ 1)r + ja+ 2(j+ 1)− 2t − 1.
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Hence, the set {ir + (i − 1)a + 2i − t − 1 + m+12 , . . . , ir + ia + 2i − t + m+12 } is strictly between Wj and Wj+1 for
j = q+ i and so it is contained in A. Also 0+ m+12 ∈ A. Therefore theWi, 1 ≤ i ≤ 2q+ 1 = k are the components of Gmn , so
τ(Gmn − A) = a+ 2, and ω(Gmn − A) = k. 
Theorem 6. Let Gmn be the graph with n = 2r + 1, m and k both odd, 1 < s < r + 1, and s > k, where s = ak + b for some a
and b, 0 < b < k. Then T (Gmn ) = r + a+2k .
Proof. By Lemma 7, there is a cutset A of Gmn with kr elements such that the number of components of G
m
n − A is k and the
largest component of Gmn − A has cardinality a+ 2. Hence
|A| + τ(Gmn − A)
ω(Gmn − A)
= kr + a+ 2
k
= r + a+ 2
k
.
By Theorem 3, we have r + 1+⌈ sk ⌉k ≤ T (Gmn ). Since s = ak+ b for 0 < b < k, then ⌈ sk⌉ = a+ 1. Hence r + 2+ak ≤ T (Gmn ).
Therefore, T (Gmn ) = r + a+2k . 
Lemma 8. Let Gmn be the graph with n = 2r + 1, m odd, r ≥ 2, 1 < s < r + 1, s < k, and k even. Then there is a cut set with
kr + 1 elements such that ω(Gmn − A) = k and τ(Gmn − A) = 2.
Proof. We may assume Gmn is labeled by 0, 1, 2, . . . ,m − 1. Let s < k, then s = k − l for some l. Since m is odd and k is
even, then s is odd. Hence l = 2t + 1 and k = 2q, for some t and q. Thus s = k− l = 2q− 2t − 1 > 1, which implies that
q > t + 1. Define the setsWi for 1 ≤ i ≤ 2q as follows:
{ir + 2i− 1, ir + 2i} for 1 ≤ i ≤ q− t − 1,
{ir + i+ q− t − 1, } for q− t ≤ i ≤ q+ 1,
{ir + 2i− t − 3, ir + 2i− t − 2} for q+ 2 ≤ i ≤ 2q− t,
{ir + i+ 2q− 2t − 2} for 2q− t + 1 ≤ i ≤ 2q.
Let W be the union of the sets Wi, 1 ≤ i ≤ 2q, and A = V (G) − W . The number of vertices in W is equal to
2(q− t − 1)+ t + 2+ 2(q− t − 1)+ t = 4q− (2t + 1)− 1 = 2k− l− 1 = k+ s− 1, so |A| = m− k− s+ 1 = kr + 1.
Now, we can see that for any 1 ≤ i ≤ 2q, the elements in Wi differ from those in Wi+1 by at least r + 1. Hence, no
vertex in Wi is adjacent to a vertex in Wj, 1 ≤ i < j ≤ 2q, by an edge in the copy of Gm2r in G. Thus we need only
consider edges of the form {x, x + m+12 }. In fact, we need to consider only such edges when x is at most m−12 . Hence, since
m−1
2 = qr + 2q− t − 1 < (q+ 1)r + (q+ 1)+ q− t − 1, we need to consider only vertices inWi for 1 ≤ i ≤ q. So consider
Wi = {ir + 2i− 1, ir + 2i} for 1 ≤ i ≤ q− t − 1. Then
ir + 2i− 1+ m+ 1
2
= (q+ i)r + 2(q+ i)− t − 1
> (q+ i)r + 2(q+ i)− t − 2
= jr + 2j− t − 2, for j = q+ i.
Also, since r ≥ 2,
ir + 2i+ m+ 1
2
< (q+ i+ 1)r + 2(q+ i+ 1)− t − 3
= (j+ 1)+ 2(j+ 1)r − t − 3.
Therefore the set {ir + 2i− 1+ m+12 , ir + 2i+ m+12 } is strictly betweenWj andWj+1 for j = q+ i, and so it is contained in A.
Finally, considerWi = {ir + i+ q− t − 1} for q− t ≤ i ≤ q. Then
ir + i+ q− t − 1+ m+ 1
2
= (q+ i)r + (q+ i)+ 2q− 2t − 1
> (q+ i)r + (q+ i)+ 2q− 2t − 2
= jr + j+ 2q− 2t − 2, for j = q+ i.
Also, since r ≥ 2,
ir + i+ q− t − 1+ m+ 1
2
< (q+ i+ 1)r + (q+ i+ 1)+ 2q− 2t − 2
= (j+ 1)r + j+ 1+ 2q− 2t − 2.
Hence the set {ir+ i+ q− t−1+ m+12 } is strictly betweenWj andWj+1 for j = q+ i and so it is contained in A. Therefore
theWi, 1 ≤ i ≤ 2q are the components of Gmn − A, so τ(Gmn − A) = 2, and ω(Gmn − A) = k. 
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This lemma provides us with light bounds on the tenacity of odd order graphs.
Theorem 7. Let Gmn be the graph with n = 2r + 1, m odd, k even, 1 < s < r + 1 and s < k. Then
r + 2
k
≤ T (Gmn ) ≤ r +
3
k
.
Proof. First note that if r = 1, then 1 < s < 2, a contradiction. Hencewe have r ≥ 2. By Theorem 3, we have r+ 2k ≤ T (Gmn ).
By Lemma 8, there is a cutset Awith kr+1 elements. The largest component of Gmn −A has cardinality 2 andω(Gmn −A) = k.
Hence, |A|+τ(G
m
n −A)
ω(Gmn −A) =
kr+1+2
k = r + 3k . Therefore
r + 2
k
≤ T (Gmn ) ≤ r +
3
k
. 
For example, G15,325 has 7.050 ≤ T (G32515 ) ≤ 7.075.
Now we consider the cases when s > k, k is even, andm is odd.
Lemma 9. Let Gmn be the graph with n = 2r + 1, m odd, k even, k > 2, 1 < s < r + 1, and s > k where s = ak+ b, for some a
and b, 0 < b < k. Then
r ≥

5 for a even
9 for a odd.
Proof. Write s = ak+ b, for some 0 < b < k. Sincem is odd and k is even, then s is odd. Hence b is odd, and the minimum
value for b is 1. Since k is even and k > 2, then the minimum value for k is 4.
Case 1. Suppose a is odd. Hence the minimum value for a is 1. Thus the minimum value for s is 1(4)+1 = 5. Since s < r+1,
r ≥ 5.
Case 2. Suppose a is even. Hence theminimum value for a is 2. Thus theminimum value for s is 2(4)+1 = 9. Since s < r+1,
r ≥ 9. 
Note that if r is even then the bounds in the previous lemma can be increased by 1.
Lemma 10. Let Gmn be the graph with n = 2r + 1, m odd, k even, k > 2, 1 < s < r + 1 and s > k where s = ak+ b, for some a
and b, 0 < b < k, then a+ 1 < r2 .
Proof. Write s = ak+ b, for some 0 < b < k. Sincem is odd and k is even, then s is odd. Hence b is odd. Since k is even and
k > 2 and b is odd, then the minimum value for k and b are 4 and 1 respectively. Thus 2a+2 < 4a+1 ≤ ak+ b = s. Hence,
since s ≤ r , we have a+ 1 < r2 . 
Since k is even andm is odd, thenm is not a multiple of k, s ≠ ak. Hence we have our final lemma.
Lemma 11. Let Gmn be the graph with n = 2r + 1, m odd, k even, k > 2, 1 < s < r + 1 and s > k. Write s = ak+ b for some a
and b, 0 < b < k, and k = 2q for some q. Then there is a cutset A with kr + 1 elements such that ω(Gmn − A) = k, and
τ(Gmn − A) =
a+ 1+ z if q− 1 divides

a+ b− 1
2

a+ 2+ z otherwise,
where z = ⌊ a+ b−12q−1 ⌋.
Proof. Let s > k, then s = ak+ b, for 0 < b < k. Sincem is odd and k is even, then s is odd. Hence b is odd. Thus b = 2t − 1
and k = 2q for some t and q.
Case 1. Suppose a+ 1 < q, so z = ⌊ a+ b−12q−1 ⌋ = 0. Define the setsWi for 1 ≤ i ≤ 2q as follows:
{ir + (i− 1)a+ 2i− 1, . . . , ir + ia+ 2i} for 1 ≤ i ≤ a+ t − 1,
{ir + ia+ i+ t − 1, . . . , ir + (i+ 1)a+ i+ t − 1} for a+ t ≤ i ≤ q− 1,
{ir + qa+ t + i− 1} for q ≤ i ≤ q+ 1,
{ir + (i− 2)a+ 2(i− 1)+ t − q− 1, . . . , ir + (i− 1)a+ 2(i− 1)+ t − q}, for q+ 2 ≤ i ≤ q+ a+ t,
{ir + (i− 1)a+ (i− 1)+ 2t − 1, . . . , ir + ia+ (i− 1)+ 2t − 1}, for q+ a+ t + 1 ≤ i ≤ 2q
and let W be the union of the sets Wi, 1 ≤ i ≤ 2q. The number of vertices in W is equal to 2(a + t − 1)(a + 2) + 2 +
2(q − a − t)(a + 1) = k − 1 + ka + 2t − 1 = k − 1 + s, so |A| = m − k + 1 − s = kr + 1. Now, we can see that for any
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1 ≤ i ≤ 2q, the elements inWi differ from those inWi+1 by at least r + 1. Hence, no vertex inWi is adjacent to a vertex in
Wj, 1 ≤ i < j ≤ 2q, by an edge in the copy of Gm2r in G. Thus we need only consider edges of the form {x, x+ m+12 }. In fact, we
need to consider only such edges when x is at most m−12 . Hence, since
m−1
2 = qr+qa+q+ t−1 < (q+1)r+qa+q+ t , we
need to consider only vertices inWi for 1 ≤ i ≤ q. So consider {ir+ (i− 1)a+ 2i− 1, . . . , ir+ ia+ 2i} for 1 ≤ i ≤ a+ t− 1.
Then
ir + (i− 1)a+ 2i− 1+ m+ 1
2
= (q+ i)r + (q+ i− 1)a+ 2(q+ i− 1)− q+ t + 1
> (q+ i)r + (q+ i− 1)a+ 2(q+ i− 1)− q+ t
= jr + (j− 1)a+ 2(j− 1)− q+ t, for j = q+ i.
Also, by Lemmas 9 and 10, r − a− 1 > 0, and so
ir + ia+ 2i+ m+ 1
2
= (q+ i)r + (q+ i)a+ 2(q+ i)− q+ t
< (q+ i+ 1)r + (q+ i− 1)a+ 2(q+ i)+ t − q− 1
= (j+ 1)r + (j− 1)a+ 2j+ t − q− 1.
Therefore the set {ir + (i− 1)a+ 2i− 1+ m+12 , . . . , ir + ia+ 2i+ m+12 } is strictly betweenWj andWj+1 for j = q+ i, and
so it is contained in A.
Now, consider {ir + ia+ i+ t − 1, . . . , ir + (i+ 1)a+ i+ t − 1} for a+ t ≤ i ≤ q− 1. Then
ir + ia+ i+ t − 1+ m+ 1
2
= (q+ i)r + (q+ i)a+ (q+ i− 1)+ 2t
> (q+ i)r + (q+ i)a+ (q+ i− 1)+ 2t − 1
= jr + ja+ j− 1+ 2t − 1, for j = q+ i.
Also, by Lemma 10, a < r , and so
ir + (i+ 1)a+ i+ t − 1+ m+ 1
2
= (q+ i)r + (q+ i+ 1)a+ q+ i− 1+ 2t
< (q+ i+ 1)r + (q+ i)a+ (q+ i)+ 2t − 1
= (j+ 1)r + ja+ j+ 2t − 1.
Hence the set {ir+ ia+ i+ t−1+ m+12 , . . . , ir+ (i+1)a+ i+ t−1+ m+12 } is strictly betweenWj andWj+1 for j = q+ i
and so it is contained in A.
Finally, consider {ir + qa + t + i − 1} for i = q. Then qr + qa + t + q − 1 + m+12 = m−12 + m+12 = m. Therefore
{qr + qa + t + q − 1 + m+12 } is strictly betweenW2q andW1 and so it is contained in A. Therefore theWi, 1 ≤ i ≤ 2q, are
the components of (Gmn − A), so ω(Gmn − A) = k, and τ(Gmn − A) = a+ 2.
Case 2. Suppose a+ t − 1 = z(q− 1) for some integer z and so q− 1 divides a+ b−12 . Define the setsWi for 1 ≤ i ≤ 2q as
follows:
{ir + (i− 1)a+ (i− 1)z + i, . . . , ir + ia+ iz + i} for 1 ≤ i ≤ q− 1,
{ir + (q− 1)a+ (q− 1)z + i} for q ≤ i ≤ q+ 1,
{ir + (i− 3)a+ (i− 3)z + i, . . . , ir + (i− 2)a+ (i− 2)z + i} for q+ 2 ≤ i ≤ 2q.
Let W be the union of the sets Wi, 1 ≤ i ≤ 2q, and A = V (G) − W . The number of vertices in W is equal to
2(q − 1)(a + z + 1) + 2 = k − 1 + ak + b = k − 1 + s, so |A| = m − k − s + 1 = kr + 1. Now, we can see that
for any 1 ≤ i ≤ 2q, the elements in Wi differ from those in Wi+1 by at least r + 1. Hence, no vertex in Wi is adjacent to a
vertex inWj, 1 ≤ i < j ≤ 2q, by an edge in the copy of Gm2r , in G. Thus we need only consider edges of the form {x, x+ m+12 }.
In fact, we need to consider only such edges when x is at most m−12 . Hence, since
m− 1
2
= qr + (q− 1)a+ z(q− 1)
< (q+ 1)r + (q− 1)a+ z(q− 1)+ q+ 1.
We need to consider only vertices in Wi for 1 ≤ i ≤ q. So consider {ir + (i − 1)a + (i − 1)z + i, . . . , ir + ia + iz + i} for
1 ≤ i ≤ q− 1. Then
ir + (i− 1)a+ (i− 1)z + i+ m+ 1
2
= (q+ i)r + (q+ i− 2)a+ (q+ i− 2)z + q+ i+ 1
> (q+ i)r + (q+ i− 2)a+ (q+ i− 2)z + q+ i
= jr + (j− 2)a+ (j− 2)z + j, for j = q+ i.
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Also, since a+ z = a+ a+t−1q−1 < a+ a+ b < ak+ b = s ≤ r ,
ir + ia+ iz + i+ m+ 1
2
= (q+ i)r + (q+ i− 1)a+ (q+ i− 1)z + q+ i+ 1
< (q+ i+ 1)r + (q+ i− 2)a+ (q+ i− 2)z + q+ i+ 1
= (j+ 1)r + (j− 2)a+ (j− 2)z + j+ 1.
Therefore the set {ir+ (i−1)a+ (i−1)z+ i+ m+12 , . . . , ir+ ia+ iz+ i+ m+12 } is strictly betweenWj andWj+1 for j = q+ i,
and so it is contained in A.
Finally, consider {ir + (q− 1)a+ (q− 1)z + i} for i = q. Then qr + (q− 1)a+ (q− 1)z + q+ m+12 = m−12 + m+12 = m.
Hence it is contained in A. Therefore theWi, 1 ≤ i ≤ 2q, are the components of Gmn − A, so
τ(Gmn − A) = a+ 1+ z, and ω(Gmn − A) = k.
Case 3. Suppose that a+ t − 1 = z(q− 1)+ c for 0 < c < q− 1 and so q− 1 does not divide a+ b−12 . Define the setsWi
for 1 ≤ i ≤ 2q as follows:
{ir + (i− 1)a+ (i− 1)z + 2i− 1, . . . , ir + ia+ iz + 2i} for 1 ≤ i ≤ c,
{ir + (i− 1)a+ (i− 1)z + i+ c, . . . , ir + ia+ iz + i+ c} for c + 1 ≤ i ≤ q− 1,
{ir + (q− 1)a+ (q− 1)z + i+ c} for q ≤ i ≤ q+ 1,
{ir + (i− 3)a+ (i− 3)z + 2i− q+ c − 2, . . . , ir + (i− 2)a+ (i− 2)z + 2i− q+ c − 1}
for q+ 2 ≤ i ≤ q+ c + 1,
{ir + (i− 3)a+ (i− 3)z + i+ 2c, . . . , ir + (i− 2)a+ (i− 2)z + i+ 2c} for q+ c + 2 ≤ i ≤ 2q.
Let W be the union of the sets Wi, 1 ≤ i ≤ 2q, and A = V (G) − W . The number of vertices in W is equal to
2c(a + z + 2) + 2 + 2(q − c − 1)(a + z + 1) = k + ka + b − 1 = k + s − 1, so |A| = m − k − s + 1 = kr + 1.
Now, we can see that for any 1 ≤ i ≤ 2q, the elements inWi differ from those inWi+1 by at least r + 1. Hence, no vertex in
Wi is adjacent to a vertex inWj, 1 ≤ i < j ≤ 2q, by an edge in the copy of Gm2r , in G. Thus we need only consider edges of the
form {x, x+ m+12 }. In fact, we need to consider only such edges when x is at most m−12 . Hence, since
m− 1
2
= qr + (q− 1)a+ (q− 1)z + q+ c
< (q+ 1)r + (q− 1)a+ (q− 1)z + q+ c + 1.
Weneed to consider only vertices inWi for 1 ≤ i ≤ q. So considerWi = {ir+(i−1)a+(i−1)z+2i−1, . . . , ir+ia+iz+2i}
for 1 ≤ i ≤ c . Then
ir + (i− 1)a+ (i− 1)z + 2i+ m+ 1
2
= (q+ i)r + (q+ i− 2)a+ (q+ i− 2)z + 2(q+ i)− q+ c
> (q+ i)r + (q+ i− 2)a+ (q+ i− 2)z + 2(q+ i)− q+ c − 1
= jr + (j− 2)a+ (j− 2)z + 2j− q+ c − 1, for j = q+ i.
Also, since
a+ z + 1 = a+ a
q− 1 +
t − 1
q− 1 −
c
q− 1 + 1
< a+ a
q− 1 +
t − 1
q− 1 + 1
≤ a+ a+ b+ 1 ≤ ak+ b = s ≤ r.
Thus
ir + ia+ iz + 2i+ m+ 1
2
= (q+ i)r + (q+ i− 1)a+ (q+ i− 1)z + 2(q+ i)− q+ c + 1
< (q+ i+ 1)r + (q+ i− 2)a+ (q+ i− 2)z + 2(q+ i+ 1)− q+ c − 2
= (j+ 1)r + (j− 2)a+ (j− 2)z + 2(j+ 1)+ c − q− 2.
Therefore the set {ir + (i − 1)a + (i − 1)z + 2i + m+12 , . . . , ir + ia + iz + 2i + m+12 } for 1 ≤ i ≤ c is strictly betweenWj
andWj+1 for j = q+ i, and so it is contained in A.
Now, consider {ir + (i− 1)a+ (i− 1)z + i+ c, . . . , ir + ia+ iz + i+ c} for c + 1 ≤ i ≤ q− 1. Then
ir + (i− 1)a+ (i− 1)z + i+ c + m+ 1
2
> (q+ i)r + (q+ i− 2)a+ (q+ i− 2)z + q+ i+ 2c
= jr + (j− 2)a+ (j− 2)z + j+ 2c, for j = q+ i.
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Also, by Lemma 10, r > a+ z, and so
ir + ia+ iz + i+ c + m+ 1
2
< (q+ i+ 1)r + (q+ i− 2)a+ (q+ i− 2)z + (q+ i+ 1)+ 2c
= (j+ 1)r + (j− 2)a+ (j− 2)z + (j+ 1)+ 2c.
Hence the set {ir + (i− 1)a+ (i− 1)z + i+ c + m+12 , . . . , ir + ia+ iz + i+ c + m+12 } is strictly betweenWj andWj+1
for j = q+ i and so it is contained in A.
Finally, consider {ir+(q−1)a+(q−1)z+ i+c} for i = q. Then qr+(q−1)a+(q−1)z+q+c+ m+12 = m−12 + m−12 = m.
Hence it is contained in A. Therefore the Wi, 1 ≤ i ≤ 2q, are the components of Gmn − A, so τ(Gmn − A) = a + z + 2 and
ω(Gmn − A) = k. 
Finally, we have the following theorem.
Theorem 8. Let Gmn be the graph with n = 2r + 1, m odd, k even, k > 2, 1 < s < r + 1 and s > k. Write s = ak+ b for some a
and b, 0 < b < k, and k = 2q for some q. Then
r + a+ 2
k
≤ T (Gmn ) ≤

r + a+ 2+ z
k
if q− 1 divides

a+ b− 1
2

r + a+ 3+ z
k
otherwise,
where z = ⌊ a+ b−12q−1 ⌋.
Proof. By Lemma 11, there is a cutset A of Gmn with kr + 1 elements. The number of components are k and the largest
component of Gmn − A has cardinality a+ 1+ z when q− 1 divides a+ b−12 and otherwise has cardinality a+ 2+ z, where
z = ⌊ a+ b−12q−1 ⌋. Hence in the first case |A|+τ(G
m
n −A)
ω(Gmn −A) =
kr+1+a+1+z
k = r + a+2+zk , and otherwise |A|+τ(G
m
n −A)
ω(Gmn −A) =
kr+1+a+2+z
k =
r + a+3+zk .
By Theorem 3, we have r+ 1+⌈ sk ⌉k ≤ T (Gmn ). Since s = ak+b for 0 < b < k, then ⌈ sk⌉ = a+1. Hence r+ a+2k ≤ T (Gmn ). 
Corollary 5. Let Gmn be the graph with n = 2r + 1, m odd, k even, k > 2, 1 < s < r + 1, and s > k. Write s = ak+ b for some
a and b, 0 < b < k, k = 2q for some q and a+ b−12 < q. Then T (Gmn ) = r + a+2k .
Proof. Since z = 0, by Theorem 8, we have T (Gmn ) = r + a+2k .
For example, we can calculate the tenacity of G16981665 as follows:
16981 = 50(332+ 1)+ 331,
331 = 6(50)+ 31.
Hence, a = 6 and b = 31, so z = ⌊ 6+16−125−1 ⌋ = 0. Thus T (G16981665 ) = 332.016. If we consider G17491685 , the tenacity is
342.016 ≤ T (G17491685 ) ≤ 342.018.
In this paper we solved all subcases related to the third case of the Harary graphs.
Finally with this paper there are no cases remaining open for calculating the tenacity of three cases of the Harary
graphs. 
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